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1 Introduction 

There is exactly one straight hne passing through any two given distinct 
points; there is exactly one quadratic curve on the complex projective plane 
passing through 5 given generic points ... One can formulate many similar 
enumerative problems about compact holomorphic curves in Kahler mani- 
folds, and some of such problems have been subject to intensive study by 
algebraic geometers since the last century. Recently it was found that an- 
swers to these questions give rise to symplectic invariants of the manifolds. 
First, Gromov [|TT| suggested to use pseudo- holomorphic curves in symplectic 



manifolds in order to distinguish equivalence classes of symplectic structures. 
Then Floer [|7| applied this idea to Arnold's fixed point conjecture |]T]] and 
introduced what is called now the quantum cohomology algebra of a sym- 
plectic manifold. Eventually, when the ideas of symplectic topology merged 
with those of conformal field theory, it became clear that various Gromov 
- Witten invariants of symplectic manifolds responsible for enumeration of 
holomorphic curves can be actually calculated within the quantum coho- 
mology algebras. Thus numerous enumerative questions were reduced to 
computation of the quantum cohomology algebras themselves. 

The quantum cohomology algebra of a given compact Kahler manifold 
X is, by definition, the cohomology space of the manifold provided with a 
new multiplication. Given three cohomology classes represented by cycles 
a, 6, c Poincare-dual to them, one can think of the structural constants < 
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a ■ 6, c > of the ordinary cup-product as of the number of points of transversal 
intersection anbHc counted with appropriate signs. Similarly, the structural 
constant < a*b,c > of the quantum multiplication can be understood as the 
algebraic number of isolated solutions to the following enumerative problem: 

find the number of holomorphic maps CP^ X with the points 0, 1, oo e 
CP^ mapped to the given cycles a, b, c, respectively. 

Here the maps of different degrees should be counted separately, and the 
degree d maps contribute to the structural constant by ig*^ (so that the 
"constants" are polynomials in q). Since the degree holomorphic maps 
are constant, the quantum multiplication turns out to be a deformation of 
the ordinary cup-product: < a * 6, c > |g=o =< a ■ b,c >. The number of 
parameters of the deformation is equal to the rank / of the second homotopy 
group of the target Kahler manifold: the homotopy class d =: {di, ...,di) E 
of the holomorphic map is represented by the monomial q'^ := qf^...qf'. 

The quantum multiplication provides a machinery for answering various 
enumerative problems. In particular, the algebraic numbers of holomorphic 
maps (CP^, Fu^, Fm) — ^ (X, Djj-^, Dn) of all degrees are coefficients in the 
q -polynomial {ai * ... * qn, i^])- This follows from the structural properties 
of Gromov-Witten invariants (called sometimes the composition rules) which 
originate from the axioms of Topological Field Theory (TFT) 

A rigorous construction of quantum cohomology algebras of general com- 
pact symplectic manifolds including a proof of the axioms of TFT constitutes 
a highly non-trivial mathematical problem whose solution took several years 
(see JT|,O,0§|0,g). 

In the present paper we study quantum cohomology algebras of flag man- 
ifolds. 

Let -Fso, t>e the manifold of all flags 

c C~*^ c ... c C~<-^ c = C 

of complex linear subspaces in of dimensions < sq < si... < si. For an 
m-dimensional complex vector bundle with Chern classes Ci, introduce 
the Chern polynomial x"^ + cix"^~^ + ...+Cm- Denote Pq, Pi the Chern poly- 
nomials of the tautological bundles of dimensions = Sq, ki = si—Sq, ki = 
si — si-i over the flag manifold with the fibers C~^, C~'^/C~^, C~^/C~^-'^, 
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respectively. The cohomology algebra H*{Fsq^,,,^si,Q.) of the flag manifold is 
multiplicatively generated by the Chern classes {Cj^),i = 0, j = l,...,ki 
of these bundles. A complete set of relations between these multiplicative 
generators can be written in the elegant form of a single relation between the 
Chern polynomials: 

Poix)...Pi{x)^x\ 

We describe below the quantum deformation of this formula. 
The fraction 



(-1) 



can be written unambiguously as the ratio P{x)/Q{x) of polynomials of 
degree n and n — Sq, respectively. The coefficients of the polynomial 



P = x" + Eix"-^ + ... + S„ 

are polynomial expressions in the letters (Cj^) and qi,...,qi. The quantum 
deformation of the above relation reads P = x". 



Theorem 1 The quantum cohomology algebra of the flag manifold Fg^^ ^^ is 
multiplicatively generated by the n Chern classes (c^f ) and the I parameters 
qi,...,qi satisfying the relations Ei = 0, ...,E„ = 0. The Poincare intersec- 
tion index (a, b) between two cohomology classes represented in the quantum 
cohomology algebra by the polynomials a{c, q), b{c, q) of these n + l generators 
is given by the n-dimensional residue 

1 f dc^^"* A A dc^'^ 

'w^'"i.i„."'°'^'^''-^' E.M).:E„(c.;) • 



Corollciry For N given generic cycles ai, ajv of real codimension 2 in 
the flag manifold, the number of degree d holomorphic maps 

(CP^, - , ^n) ^ (^~>^,...,~< , - , 3n) 

is equal to the above residue with a = ai (c) 02(0)... cat (c) and 6 = 1 where 
aa{c} is the linear combination of classes c^^^ Poincare-dual to the cycle a^- 
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Remarks. 1) Denote pi,i = 1, the 1st Chern class + ... + cf^ of 
the tautological quotient bundle with the fiber C^/C~^-^. The geometrical 
meaning of the parameters qi in the above formulation is determined by the 
following convention: the monomial qf^-.-qf.'' represents holomorphic curves 
C in the fiag manifold with J^jPi = di. 

2) The statement of theorem |l] was conjectured independently by As- 
tashkevich - Sadov |^ and Kim [l^ and first proven by Ciocan-Fontanine 
for the case of complete fiag manifolds -Fi,2,...n- In the special case of manifolds 
-^i,2,...n of complete fiags in it was conjectured by Givental - Kim in 



the form of a surprising relation with complete integrable systems. Namely, 
the polynomials Si(c, g), Sn(c, q) turn out to be Poisson-commuting con- 
servation laws of the Toda lattice (see []IU| for details). The statement of 



theorem |I] in the case of Grassmannians Fk^n is due to Witten and Siebert - 
Tian ^ and was conjectured by Gepner. For complex projective spaces 
Fi^n the first computation of the quantum cohomology algebra can be found 
in 



The heuristic proof of theorem [| suggested in (for complete fiags), |]T2| 



and (with slight modification) in p| was based on several natural hypothe- 
ses about existence and general properties of an equivariant generalization 
of the quantum cohomology theory. Given a fibration E ^ B oi compact 
manifolds with the compact Kahler manifold X in the role of the fiber, one 
can formulate various enumerative questions about holomorphic curves in 
the fibers passing by marked points through given cycles in the total space 
E of the fibration. In particular, such a parametric enumerative geometry 
can be associated, in particular, with any principal G-bundle over B where 
G is a compact Lie group of automorphisms of X. The enumerative infor- 
mation about all such bundles can be encoded by structural constants of the 
G-equivariant quantum cohomology algebra oi X which is accountable, by def- 
inition, for enumeration of fiber-wise holomorphic spheres in the X-bundle 
Xg — > BG associated with the universal principal G-bundle EG BG. 
Like the non-equivariant quantum cohomology algebra, the equivariant one 
is a deformation of the multiplicative structure in the "classical" equivari- 
ant cohomology Hq{X) := H*{Xg) in the category of algebras over the ring 
H*{BG) of characteristic classes of principal G-bundles. 

We study the f/„-equivariant quantum cohomology algebras of the fiag 
manifolds with respect to the natural action of the unitary group on and 
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deduce theorem |I] from its equivariant generalization. 



Denote ci, ...,Cn the universal Chern classes of principal f/„ bundles. 

Theorem 2 The Un- equivariant quantum cohomology Q[i^, ><] - algebra of 
the flag manifold -Fso,...,s; is isomorphic to 



5 •■■) -1< ' "-W^' "<'-H^' x]/(^i<^(5 ll) — •••5 Six(, ll) — k) 

The equivariant Poincare pairing is given by the residue 



(a, b){q, ci, c„) = (- — =)" (b ab 



Remark. 1). In section 3 and 4 we construct equivariant quantum coho- 
mology theory for simply connected homogeneous Kahler spaces, prove the 
appropriate composition rule and the other general properties of equivariant 
quantum cohomology assumed in the heuristic computation in [|10[, deduce 
theorem || and obtain theorem |l| as its specialization at Ci = 0, c„ = 0. 

2). Constructing "vertical quantum cohomology" introduced in [Q], Lu 
also proved theorem || in [jl6|. 



2 Lemma 



In [10, 1^, 12 1 the computations of quantum cohomology of flag varieties were 



established with an assumption. The assumption was that there is a Z-graded 
equivariant quantum cohomology with the properties of product, induction, 
and restriction for flag varieties. Namely, 

Lemma Let G be a connected compact Lie group continuously acting 
on a generalized flag variety X. Then there is a Z-graded equivariant quan- 
tum cohomology algebra QHq{X,Q) which is H*{Xg,Q) ®q Q[ii] as a free 
H*{BG,'Q^)^QQ[\\]-module, andq = (qi) is a formal multi-variable for a suit- 
able basis of H2{X,'Z). The grading is given by the usual grading on classes 
and the Chern number 2ci{TX)[qi\ on each qi. When G is the trivial group, 
QHq{X,Q) becomes the ordinary quantum cohomology algebra!^ It has the 
following properties. 

^For definition, see section 2.1. 
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Product; Let G' and G" he connected compact Lie groups with actions 
on X' and X" , respectively. Then 

QH*a,^G"iX' X X", Q) ^ QH^,(X', Q) ®q QH^„(X", Q). 

Restriction; Let G' be a connected Lie subgroup of a connected compact 
Lie group G with a G-space X. Then, as H*{BG' ,Q)- algebras, 

QH*a,iX, Q) ^ QMliX, Q) ®m*{mg,q) M*(MG', Q). 

Induction; Let G' be a connected Lie subgroup of a connected compact 
Lie group G, and let G' act on Y. Define X := G Xqi Y, which has the 
induced G- action. Suppose X becomes another generalized flag manifold with 
the holomorphic quotient maps X ^ Y and X G / G' , then, asH*{BG,Q)- 
algebras, 

QH*aiX,Q) ®Q[„,,,] Q[„] ^ Qe^,(Y,Q) 

where q {resp. q') is a formal multi-variable for a suitable basis of H2{Y,7a) 
{resp. H2{G/G',Z)). Here q' acts trivially on q in Q[\\, w']- module Q[ii]. 

This lemma needs some explanations: 

1. Here a suitable basis of H2{X,'L) is a basis of consisting of elements 
represented by rational curves in X. Let X = G / P , G a, complex Lie group 
(not G in the lemma), P a parabolic subgroup containing a Borel subgroup 
B, P' a parabolic subgroup containing P and having one more roots than P. 
Then the fibers of G/ P — > G/ P' are rational curves, representing an element 
of H2{X,1,). Varying P' provides the basis. 

2. The induced map BG' BG from the inclusion G' ^ G provides 
a natural H*{BG)-m.odM\e structure on H*{BG'). This module structure is 
used in the restriction and the induction. 

3. According to a degenerating Leray spectral sequence of homology of 
the fibration X := G F y in the induction, H2{X,'L) = e>f(Y,Z) © 
E[>f(G/G', Z). In this identification the suitable basis of H2{X) decomposes 
into the suitable basis of H2{Y) and a basis of H2{G/G'). 

We can prove theorem |l|, using this lemma, computations of equivariant 
quantum cohomology of Grassmannians, and two additional relationships: 
(a) the equivariant quantum cohomology algebra modulo G-characteristic 
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classes becomes the non-equivariant quantum cohomology, and (b) the equiv- 
ariant quantum cohomology algebra modulo g's becomes the usual equivari- 
ant cohomology. The proof of (a) follows from the restriction rule stated in 
the lemma, and the proof of (b) follows from the definition of equivariant 



quantum cohomology algebras given in subsection |3.3| . The computation of 
equivariant quantum cohomology of Grassmannians can be obtained using 
Sibert-Tian's proof (a), and (b). Details are in ^ 



In and |3.2| , we collect all the facts that we are going to use to prove 
the lemma. Those facts are due to Kontsevich, Behrend and Manin, and 
Pandharipande |T^, |TB| . The proof of the lemma is presented in except 
for proofs of its rules, which are in section H. 



3 Definition and associativity 
3.1 Gromov-Witten classes 

For a compactification of moduli space of rational maps, the notion of stable 



maps was introduced |]14|, [T3[. Let C be a connected, compact, reduced, 
arithmetic genus zero curve C with n ordered marked points at regular points 
and with at most ordinary double singular points. A stable map is a pair 
(C, /) consisting of C and a holomorphic map / from C to X, such that 
every irreducible component of C that maps to a constant point must have 
at least three special points. Marked points and singular points are called 
special points. Let A4n{X,d) denote the moduli space of equivalent classes 
of stable maps of degree d G H2{X). Two stable maps {C,f) and {C',f') 
will be called equivalent if there is an isomorphism h from C to C such that 
f = f o h, and h preserves the ordered marked points. The stable maps are 
defined to ensure that the automorphism group of (C, /) is discrete. When X 
is a point, the moduli space becomes the Deline-Mumford compactification 
Mn of stable n-pointed curves of genus 0. Note that in this case n should 
be greater than or equal to 3. 

Let X be a generalized flag variety. It is then shown that the moduli space 
Ain{X,d) of stable maps is an irreducible (projective) variety with finite 
quotient singularities, and the complex dimension of the space d) 
is J^ci{Tx) + dimX + n — 3, the "right" dimension fl^, H, ITsf. Therefore 
we need not go into the difficulty of finding a 'virtual fundamental class'. 
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According to Behrend and Manin^, it has morphisms, a contraction , 
and evaluations at marked points: 



MniX,d) 
Mn- 



X" ^ X 



After III, g let us define Gromov-Witten classes /^^ : H*{X)®'^ 
in the following way: 



(1) 



^nMi ® ■ ■ ■ ® fln) := {-n )*{ev^y{ai an). 

In particular, this defines J;^^, which gives a quantum multiplication structure 
on H*{X) ®Q Q[ii]: there is a unique multiphcation such that 

< ai ■ 02, as >= ^ Iliq]'^'^h^^^{ai, as, ag), 

deH2iX) 



where q = (qi,...) is a formal multi-variable for a basis {7i} in the closed 
Kahler cone, and <,> is the g-linear expansion of the ordinary Poincare 
pairing. Let us choose {7^} as the dual basis of the suitable basis of H2{X, Z) 
explained in section 2. So 7i((i) > ioi d which can be represented by 
rational curves. In |T|], instead of formal q'^, exp(— J^uj) is used for a fixed 



Kahler class u. In next section we will see the associativity of this quantum 
multiplication. 



3.2 The splitting axiom 

Let ips : J^m+i X -^n2+i ~^ -^n be the morphism associated with ordered 
partition S = {81,82), 81U82 = {l,...,n = rii + ns}, and ips combines 
two stable curves at the rii + 1-th marked point and the first marked point, 
respectively. Let J2i j V^'^oii ® Pj be the Poincare-dual class of the diagonal 
A C X X X. The splitting axiom reads: 

= E J2^nMii (8) ® ^^)V''' ® In,+l,dM ® ( (8) 

d=di+d2 i,j kiGSi ^2 652 
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This axiom is proven by Behrend and Manin 0. In particular, the sphtting 
axiom for n = 4 verifies 

d=di+d2 i,j 
d=di+d2 i,j 

which gives the associativity of quantum multiphcations. Here one use the 
fact Mi = CP^. 

We would like to "recall" a proof of the splitting axiom when n = 4: Note 
that we have 

M,iX,d,)xM,iX,d2) MsiX,d) 

For d = di + d2, let evi^di (resp. evi^d-i) denote the evaluation maps from 
Mz^X^di) (resp. A^3(X, ^2)) at the i-th. marked point, where i = 1,2,3. 
Let A be the diagonal in X x X. Then, from the ordered partition S, we 
have the associated map A^^^^j from {ev^^di x efi,d2)^^(A) to Mii^X, d), com- 
bining the third marked 'point' from A^3(X, di) with the first marked 'point' 
from Al3(X, ^2). The variety {ev^^di x evi^rfj)"^!^) should be considered a 
fibered product, and it is also an orbifold because evi is a smooth morphism 
(submersion if one would like differentiable orbifold languages). In summary, 
we have the following commutative diagram of morphisms 

(eu3,di X 6^1,^2)"^ (A) ^''^ lmAdi,d2 

M3 X M3 ^ IraLfs 

The horizontal maps are isomorphisms because the associated trees for stable 
maps are simply connected, marked by points, and labeled by degrees. Note 
that, as analytic fundamental classes, '^^^_^_^^^^[lmAdj^,d2] = ^"^(Imy^^)]. 
Hence, keeping in mind that V^''' {^"^s^i x evi^d2)*{c(i^Pj) is the Poincare- 
dual class of {ev^^di x evi^d2)^^{^) iii M3{X,di) x A^3(X, 0^2), we conclude 
the proof. 
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3.3 Equivariant Gromov-Witten classes 

Let X have a continuous G-action, G being connected and compact. Then 
we have maps 

Mn{X,d) XgEG '^-^"^ X"xg^G 
Mn X BG 

the equivariant version of the diagram (0). Recall that Hq{X'^) is iJ^(X)®", 
due to the projections {X")g — > Xq, so that they can be identified. Define 
equivariant Gromov-Witten classes /^^ : if^(X)®" ^ H*{Mn) ®q H*{BG) 
by 

® ■ ■ ■ ® a„) := 7rf«(ei;^«)*(ai ® ■ ■ ■ ® a„), 

where G Hq{X). 

The module Hq{X) CSq Q[ii] has a unique multiplication by the charac- 
terization 

< oi ■ 02,03 >= ^g"'/;^^ (01,02,03), 

where <, > is the g- linear expansion of the equivariant Poincaie pairing. For 
the equivariant Poincare-dual class V . . ?7*'%j ® dj of the diagonal C 
(X X X)^ the equivariant version of the splitting axiom holds, namely, 

= E (8) ® "«)^''' ® ^s^'d^.^^^- ® ( «'^^))' 

where all tensor products are from if *(i?G')-module structures. The point is 
that all maps in the proof of the splitting axiom for the nonequivariant version 
are (diagonally) equivariant. Just as in the nonequivariant case, let us keep in 
mind that we have Arfj^^j : {ev^^di x efi,d2)~^(^) ~^ -MniX, d), its equivariant 
version, and that J2i j V^''' i^'^'i^i ^ ^'^142)* i^^i^ Pj) is the equivariant Poincare- 
dual class of {{evs^di x evi^d2)~^{^))G {-^si^^di) x A^3(X, ^2))^ • Then 
the proof follows from the parallel argument of the proof of the ordinary 
splitting property given in the previous section. 

Definition/Theorem Analogous to the one defining the quantum coho- 
mology, we define the equivariant quantum cohomology multiplication QHg{X). 
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The assocAativity can he proven by the equivariant version of the splitting 
property when n = 4. The ring is graded as stated m the lemma. 

When G is the trivial group, obviously the equivariant quantum coho- 
mology is the ordinary quantum cohomology. Since H*{X) and H*{BG) are 
generated by even degree classes, Hq{X) = H*[X) ®q H*[BG) as linear 
spaces, and QHq[X) is a free H*{BG) ®q Q[ii]-module. 



4 Rules 

A proof of product rule: 

Suppose G' and G" are connected compact Lie groups. Let X' be a 
G' space, and let X" be a G" space, then we have the induced G' x G" 
space, X' X X" and, as H*{BG' x BG") = H*{BG') ®q i/*(5G")-modules, 
H*Q,^Q„{X' X X") ^ H*Q,{X')^^H*Q„{X"). Since the complement to the 

subset A^3(X, d) consisting of "smooth" curve is a divisor (with normal cross- 
ings), M.z{X' , di) X M.z{X" , (^2) and M.z{X' x X" , d) are birational, so that 
^Mi • = ^UdSy Let C and D be finite cycles of BG' and BG" respec- 

tively. Then integrating fibers over C x D, we conclude /g ^" = 

/g (^^^ dj)"" ■ Hence we have the proof of the product property stated in the 
theorem. 

A proof of restriction rule: 

Let G' C G be a Lie subgroup and X be a G-space. Consider X a G'- 
space for Xq- Let p : BG' ^ BG he the map induced from the inclusion 
G' <Z G. We have natural induced morphisms and a diagram 

H*{Mn{X,d)G') ^ H*(Mn{X,d)G) 
i ^ I 

H*{BG') C H*{BG). 

The diagram is commutative, since for any finite cycle C in BG', Aini^, d)^G 
p{C) induces 7Vi„(X, d) Xq/ C by the map p. The restriction rule follows. 
A proof induction rule: 

Let G' C G be a Lie subgroup. For induction consider a generalized fiag 
manifold Y with a G'-action and let X = G x^ ^ . For d e H2{Y) C H2{X), 
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there are natural identifications Yc = Xq and A1„(y, (i)G' = M.n{,X,d)Q. 
From the commutative diagram 

i i 

BG' ^ BG, 

^nd ~ P*-^n^d induction rule follows. 

Acknowledgement. I would like to thank A. Givental for valuable sugges- 
tions, and H. Chang for a discussion on the splitting axiom. This paper is a 
part of my thesis. 
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